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Abstract
This note is a step towards demonstrating the benefits of a symplectic approach to studying equivariant Kähler geometry. We
apply a local differential geometric framework from Kähler toric geometry due to Guillemin and Abreu to the case of the standard
linear SU(n) action on Cn \ {0}. Using this framework we (re)construct certain Kähler metrics from data on moment polytopes.
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1. Introduction
A symplectic toric manifold (M,ω, τ,μ) is a compact symplectic manifold of dimension 2n equipped with an
effective hamiltonian action τ of the real n-torus T n = Rn/2πZn and moment map μ :M → (Rn)∗. By Delzant theory
(M,ω, τ,μ) admits a canonical ω-compatible T n-invariant complex structure J [5]. Hence every symplectic toric
manifold is canonically a Kähler toric manifold. Furthermore, symplectic toric manifolds are completely classified by
Delzant polytopes Δ ⊂ (Rn)∗ i.e. moment polytopes satisfying certain additional integrality conditions.
According to a differential geometric construction in toric geometry one can in fact encode all the T n-invariant
Kähler geometry of a symplectic toric manifold in terms of data on its Delzant moment polytope Δ. This construc-
tion relies on the interplay between complex and symplectic structures in Kähler geometry in the following sense.
The data we refer to is a family of certain smooth functions on Δ that determine every possible ω-compatible T n-
invariant complex structure on M . These functions are obtained via a Legendre coordinate transform from complex
(holomorphic) coordinates on M to symplectic (action-angle) coordinates on Δ. This coordinate transform identifies
Kähler potentials f over M (which determine T n-invariant J -compatible symplectic structures on M within a fixed
cohomology class) as Legendre duals to symplectic potentials g on Δ (which determine T n-invariant ω-compatible
complex structures on M within a fixed diffeomorphism class) [2,6]. We refer to this construction as Guillemin–Abreu
theory.
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on Cn \ {0}. Using this construction we describe two interesting examples. First, we (re)construct a U(n)-invariant,
scalar-flat, Kähler metric on Ĉn, the blow-up of Cn at the origin. This metric was originally identified by Simanca
who generalized the well-known Burns metric on Ĉ2, [8]. Second, we (re)construct Calabi’s family of extremal Kähler
metrics on ĈPn, the blow-up of CPn at one point, [4]. The latter example was considered by Abreu himself in [1] for
n = 2 where he Legendre transformed Calabi’s example to data on the polytope. The difference in what we do here
is to work solely with data on the polytopes. Nevertheless, the main purpose of this note is to illustrate that, in spirit
of Guillemin and Abreu’s work, doing Kähler geometry in symplectic coordinates as opposed to the usual complex
coordinates makes the formulae quite elegant and the calculations more manageable. Consequently the symplectic
setting might be more appropriate for working with these metrics, as in [3] which uses the Burns–Simanca metric to
construct constant scalar curvature Kähler metrics on blow-ups, for example.
2. Guillemin–Abreu theory
Let (M,ω,J, τ,μ) be a Kähler toric manifold and Δ = μ(M) its Delzant polytope. We first describe the local
structure of M . Consider the dense, open subset M◦ ⊂ M where the T n-action is free. Let T n
C
= Cn/2π iZn = Rn ×
iT n = {w = a + ib: a ∈ Rn, b ∈ T n}. (M◦, J ) ∼= T n
C
i.e. (a, b) are complex (holomorphic) coordinates on M◦ (see
Appendix A of [2]). The T n-action on M◦ is (t,w) → w + it . The Kähler form ω is given by 2i∂∂f where f ∈
C∞(M◦). Since ω is T n-invariant f = f (a) ∈ C∞(Rn). Thus
(1)ω =
n∑
i,j=1
∂2f
∂aj ∂ak
dai ∧ dbj .
We now describe the interior Δ◦ of Δ. Suppose Δ consists of d facets (codimension-1 faces). Then Δ = {x ∈
(Rn)∗: 〈x,ui〉 λi, i = 1, . . . , d} where ui is the integral primitive inward pointing normal vector to the ith facet of
Δ (see [6]). Let li be affine functions on (Rn)∗ defined by li :x → 〈x,ui〉 − λi . Then x ∈ Δ◦ if and only if li (x) > 0.
Theorem 1. [6] μ factors into
R
n × iT n μ
p
(Rn)∗
R
n
μf
and this diagram commutes. Moreover, μf is the Legendre transform a → dfa = x associated to f and is a diffeo-
morphism onto Δ◦ ⊂ (Rn)∗. Furthermore, there exists an inverse Legendre transform
μ−1f :Δ
◦ → Rn,
x → dgx = a
where the function g ∈ C∞(Δ◦) is the Legendre dual to f i.e.
(2)f (a) + g(x) =
n∑
i=1
∂f
∂ai
∂g
∂xi
.
Guillemin’s set-up provides us with a means of encoding the Kähler data on M◦, originally given in terms of
f and the coordinates (a, b), into symplectic (action-angle) coordinates (x, y) on Δ◦ × T n and g through the map
(a, b) → (x, y) which is the Legendre transform μf on the first factor and the identity on the second factor. Guillemin
introduces the function g(x) = 12
∑d
i=1 li (x) log li (x). The particular form of this function guarantees that it is convex
and smooth on Δ◦ and has the appropriate singular behavior on the boundary ∂Δ of Δ. It is the Legendre dual of the
Kähler potential f that defines the canonical T n-invariant Kähler metric ω(·, J ·) on M◦. Using Guillemin’s set-up
one can construct any other T n-invariant Kähler metric on M in the class [ω] purely from the combinatorial data on Δ
employing such functions g ∈ C∞(Δ◦). Those g whose Legendre duals f define T n-invariant Kähler metrics can be
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on M .
Just as symplectic structures within a fixed cohomology class are parameterized in terms of Kähler potentials f
through the ∂∂-lemma, Abreu provides an analogous theorem for parameterizing complex structures within a fixed
diffeomorphism class in terms of symplectic potentials g:
Theorem 2. [2] Let (MΔ,ωΔ) be a symplectic toric 2n-manifold corresponding to the Delzant polytope Δ which has
d facets. Then a T n-invariant and ωΔ-compatible complex structure J on MΔ, given at a point in the coordinates
(x, y) by
(3)
(
0 −G−1
G 0
)
,
is determined by a smooth function
(4)g(x) = 1
2
d∑
i=1
li (x) log li (x) + h(x)
on Δ◦, where h(x) ∈ C∞(Δ) (i.e. there is an open set U ⊂ (Rn)∗ containing Δ and an h˜ ∈ C∞(U) which restricts to
h on Δ), the hessian matrix G of (4) is positive definite on Δ◦ and
(5)detG−1 = δ(x)
d∏
i=1
li (x)
where δ(x) ∈ C∞(Δ) and is strictly positive on Δ. Conversely, every g of the form (4) determines a T n-invariant,
ωΔ-compatible complex structure on (MΔ,ωΔ) which in the (x, y) coordinates is of the form (3).
Furthermore, Abreu applies the above ideas to formulate an elegant expression for the scalar curvature S of the
Kähler metric defined by (1) in symplectic coordinates. Recall also that a Kähler metric is said to be extremal (in the
sense of Calabi) if
(6)(∇S)1,0 ≡ holomorphic vector field,
[4]. Additionally, Abreu translates (6) into a ‘symplectic’ extremal Kähler condition. These two results are summed
up in the following
Theorem 3. [1] The scalar curvature of (1) is
(7)S(g) = −1
2
n∑
i,j=1
∂2Gij
∂xi∂xj
where Gij is the (i, j)th entry of G−1. Furthermore, this Kähler metric is extremal if and only if
(8)∂S
∂xi
= constant
for i = 1, . . . , n i.e. S is an affine function of x.
The Guillemin–Abreu paradigm is that one can recover f from g so it is enough to work with g and data on Δ.
3. A non-abelian group action
Let (M,ω,J ) be a Kähler n-fold. The scalar curvature SJ of the Kähler metric ω(·, J ·) is given by
(9)SJωn = n!ΘJ ∧ ωn−1
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ordinates z = (z1, z2) equipped with the standard linear SU(2)-action. Kähler potentials of SU(2)-invariant Kähler
metrics are smooth functions on C2 \ {0} of the form f = f (s) where s = |z1|2 + |z2|2 is the square of the radius of
the SU(2)-orbits. We are interested in studying SU(2)-invariant Kähler metrics on C2 \ {0}. The standard approach
is to fix the standard J0 on C2 \ {0} and vary the symplectic structure using the Kähler potentials f (s) (through the
‘∂∂-lemma’). The scalar curvature of the Kähler metric determined by an f (s) i.e.
(10)hij =
[
∂2f
∂zi∂zj
]2
i,j=1
=
(
f ′ + z1z1f ′′ z2z1f ′′
z1z2f ′′ f ′ + z2z2f ′′
)
,
is then deduced from (9). Not all f (s) determine SU(2)-invariant Kähler metrics on C2 \ {0}. hij is positive definite
if and only if f ′(s) > 0, f ′′(s) > −s−1f ′(s). The scalar curvature of (10) computes to be a complicated expression
in f , see [4,8].
3.1. Twisted Guillemin–Abreu theory
The key observation is that the SU(2)-invariant Kähler metrics on C2 \ {0} are also invariant under U(2) and in
particular under T 2 ∼= U(1) × U(1) ⊂ U(2). What we conclude from this observation is that it is viable to employ
Guillemin–Abreu theory for this standard linear SU(2)-action. Set wj = log zj where wj = aj + ibj , j = 1,2 so
s = |z1|2 + |z2|2 = ew1ew1 + ew2ew2 = e2a1 + e2a2 parameterizes the SU(2) orbits. Now we invoke the Guillemin–
Abreu theory introduced in the previous section. Applying the Legendre transform associated to a choice of f (s)
gives
xi = ∂f
∂ai
= f ′(s) ∂s
∂ai
= 2e2ai f ′(s),
i = 1,2 and x1 + x2 = 2(e2a1 + e2a2)f ′ = 2sf ′ = γ (s). Let h be the inverse function to γ , then s = h(x1 + x2).
Substituting e2a1 = e2a2x1x−12 into s = e2a1 + e2a2 gives s = e2a2 + e2a2x1x−12 = e2a2(x1 + x2)x−11 i.e. e2a1 =
sx1(x1 + x2)−1. Similarly e2a2 = sx2(x1 + x2)−1. The Legendre dual of f is given by (2) in Theorem 1. We have
established above that s = h(x1 + x2) hence f = f (s) = f (h(x1 + x2)) = f (x1 + x2). A brief calculation shows that
(11)g(x) = 1
2
(
x1 logx1 + x2 logx2 + F(x1 + x2)
)
with
(12)F(x1 + x2) = F(t) = t log
(
h(t)t−1
)− 2f (s(t))
where we have set t = x1 + x2. The Guillemin–Abreu approach is to fix the standard ω0 on C2 \ {0} and vary the
complex structure using the symplectic potentials g(x) (through Theorem 2). The standard ω0 is given by f (s) = s/2.
Hence the moment polytope ΔC2 for the standard T 2-action is the positive orthant R20 ⊂ R2 with standard symplectic
(action) coordinates (x1, x2) = (|z1|2, |z2|2). g(x) is a smooth function on ΔC2 while F(t) is a smooth function on
(0,∞). We call F(t) the t -potential of g since it is the ‘t -part’ of the symplectic potential g. The hessian matrix of g
is
G = (Gij ) = 12
( 1
x1
+ F ′′(t) F ′′(t)
F ′′(t) 1
x2
+ F ′′(t)
)
and detG = 4−1((x1x2)−1 + t (x1x2)−1F ′′). It follows from the discussion in the previous section that G must be
positive definite. This in turn implies that F ′′(t) > −t−1 and, furthermore, this condition is also sufficient i.e. only
functions of the form F(t) that satisfy this property determine SU(2)-invariant Kähler metrics on C2 \ {0}. To sum-
marize
Proposition 4. The Kähler metric (10) has a symplectic potential given by (11). Conversely, any such smooth function
on R2 with F satisfying F ′′(t) > −t−1 determines such a Kähler metric.0
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(13)G−1 = (Gij )= 2x1x2
1 + tF ′′
( 1
x2
+ F ′′(t) −F ′′(t)
−F ′′(t) 1
x1
+ F ′′(t)
)
.
Applying Abreu’s scalar curvature formula (7) to (13) shows (see [7]) that
Proposition 5. The scalar curvature of the Kähler metric (10) is given by
S(g) = t−1(t3F ′′(1 + tF ′′)−1)′′.
Propositions 4 and 5 hold true for arbitrary dimension. Let z = (z1, . . . , zn) be standard complex coordinates on
C
n \ {0}. Let s =∑ni=1 |zi |2. An SU(n)-invariant Kähler metric on Cn \ {0} is given by
(14)hij =
[
∂2f
∂zi∂zj
]n
i,j=1
= [f ′δij + zizjf ′′]ni,j=1.
Repeating the construction we carried out for the case n = 2 we obtain symplectic coordinates x = (x1, . . . , xn) on the
positive orthant Rn0 = ΔCn i.e. the moment polytope for the standard T n-action on Cn (with its standard symplectic
structure). One simply has to work through the algebra and extend the identities already derived earlier to the n case.
Thus
Theorem 6. [7] The Kähler metric (14) has a symplectic potential given by
(15)g(x) = 1
2
[
n∑
i=1
xi logxi + F(t)
]
with
(16)F(t) = t log(s(t)t−1)− 2f (s(t))
where t =∑ni=1 xi = 2sf ′(s) and its scalar curvature is given by
(17)S(g) = t1−n(tn+1F ′′(1 + tF ′′)−1)′′.
Conversely, any function of the form (15) on ΔCn with (16) satisfying F ′′(t) > −t−1 determines such a Kähler metric.
4. Some applications of Theorem 6
As a first application of Theorem 6 we verify the well-known result that the scalar curvature of the Fubini–Study
metric on CPn is constant. The t -potential of the Fubini–Study metric on CPn is FCPn(t) = (1 − t) log(1 − t). Sub-
stituting FCPn(t) into (17) shows that
Corollary 7. The Fubini–Study metric on CPn has scalar curvature n(n + 1).
Let Ĉn denote the blow-up of Cn at the origin. Recall that the Burns metric on Ĉ2 is the restriction of the standard
product metric on the ambient space C2 ×CP1 when Ĉ2 is considered as a hypersurface in C2 ×CP1 [8]. We refer to
the restriction of the standard product metric on Cn × CPn−1 to Ĉn as the generalized Burns metric. In light of this
we are led to ask whether the generalized Burns metric on Ĉn is also scalar-flat. Unsurprisingly this is not the case.
The t -potential of the generalized Burns metric is F
Ĉn
(t) = (t − 1) log(t − 1) − t log t − t + 1. Substituting this into
(17) shows that the scalar curvature of the generalized Burns metric on Ĉn is S(g
Ĉn
) = (n2 − 3n + 2)t−2. So when
do t -potentials of this form give rise to SU(n)-invariant scalar-flat Kähler metrics of this form? Setting S(g
Ĉn
) to zero
gives the quadratic n2 − 3n + 2 = 0 whose solutions are n = 1 and n = 2. Thus
Corollary 8. The generalized Burns metric on Ĉn is scalar-flat in and only in dimension 1 and 2 i.e. regarding Ĉn as a
hypersurface in Cn × CPn−1, the restriction of the standard ambient product metric on this space to Ĉn is scalar-flat
in and only in dimension 1 and 2.
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Consider now U(n)-invariant Kähler metrics of zero scalar curvature on Cn. Then Theorem 6 leads to the ODE
(17) = 0 which solves (for F ′′) to give
(18)F ′′(t) = At + B
t(tn − (At + B))
where A and B are constants. Simanca proved the existence of a U(n)-invariant scalar-flat complete Kähler metric
on the total space of the bundle O(−1) → CPn−1 i.e. the blow-up Ĉn of Cn at the origin [8]. We shall now describe
this metric in the symplectic coordinate setting. Since the Kähler metric we seek is also T n-invariant we employ
Guillemin–Abreu theory, in particular Theorem 2, to find our boundary condition. The Delzant moment polytope Δ
Ĉn
corresponding to Ĉn is the positive orthant Rn0 with the vertex p = (0, . . . ,0) replaced by the n vertices p + xi ,
i = 1, . . . , n. We refer to Δ
Ĉn
as the moment polytope of the 1-symplectic blow-up of Cn at the origin (see [7]).
As a result Δ
Ĉn
has (n + 1) facets. Let l1(x), l2(x), . . . , ln+1(x) be the affine functions corresponding to these
facets i.e. li (x) = xi and ln+1 =∑ni=1 xi − 1 = t − 1. That is, each affine function determines a hyperplane in Rn
and these hyperplanes together trace out the boundary of Δ
Ĉn
. The interior of Δ
Ĉn
is Δ◦̂
Cn
= {x ∈ Rn: li (x) > 0,
i = 1, . . . , n + 1}. Let g
Ĉn
(x) be the symplectic potential of the metric we seek. By Theorem 6
(19)g
Ĉn
(x) = 1
2
[
n∑
i=1
xi logxi + FĈn(t)
]
where F
Ĉn
(t) is the t -potential of g
Ĉn
(x). Furthermore, for g
Ĉn
(x) to determine a scalar-flat Kähler metric F
Ĉn
(t)
must be of the form (18). The determinant of the hessian G
Ĉn
of g
Ĉn
(x) is detG
Ĉn
= 2−n(1+ tF ′′̂
Cn
(t))
∏n
i=1 x
−1
i and
so
(20)detG−1
Ĉn
= 2n
n∏
i=1
xi(1 + tF ′′̂
Cn
)−1 = 2n
n∏
i=1
xi
(
tn − (At + B))t−n.
By Theorem 2 detG−1
Ĉn
should be of the form (5) with li as given above and δ(x) ∈ C∞(ΔĈn) (as described in
Theorem 2) and positive. Write (20) as detG−1
Ĉn
= δ
Ĉn
(x)
∏n+1
i=1 li (x) such that
(21)δ
Ĉn
(x) = 2
n(tn − (At + B))
tn(t − 1) .
This gives us the appropriate form of detG−1
Ĉn
. We now have to find the correct A,B in (21) so that it satisfies
the condition of Theorem 2. In its current form δ
Ĉn
(x) becomes singular at the boundary i.e. when t → 1. Also
2nt−n > 0 and smooth. Therefore A,B must be such that (tn −At −B) ≈ (t − 1) for t = 1 + ε for small ε > 0. Then
(1+ε)n −A(1+ε)−B = 1+nε+O(ε2)−A(1+ε) ≈ (1+ε)−1 which gives (1− (A+B))+ (n−A)ε = ε. Hence
n−A = 1 and 1− (A+B) = 0 and we get A = n− 1, B = 2−n. It follows that (tn − (n− 1)t − (2−n))(t − 1)−1 =∑n−1
i=1 t i − (n − 2) which is clearly smooth and positive on the whole of ΔĈn . Hence δĈn(t) = 2nt−n(
∑n−1
i=1 t i −
(n − 2)). As a result
(22)F ′′̂
Cn
(t) = (n− 1)t + 2 − n
t (tn − (n − 1)t − 2 + n)
such that n > 1. We need to make sure that F ′′̂
Cn
(t) is non-singular for t > 1 i.e. tn − (n− 1)t − 2 + n = 0 if t > 1. We
have tn − (n− 1)t − (2 − n) = (t − 1)(∑n−1i=1 t i − (n− 2)) and this is zero if (t − 1) = 0 or if∑n−1i=1 t i − (n− 2) = 0.
It is clear that for t  1 and n > 1,
∑n−1
i=1 t i > n − 2. It follows that (22) is non-singular for all t > 1 and hence we
have
Corollary 9. There exists a U(n)-invariant, scalar-flat, Kähler metric on Ĉn determined by the symplectic potential
(19) on Δ̂n where F̂n(t) − (t − 1) log(t − 1) is a smooth function on [1,∞) such that F̂n(t) satisfies (22).C C C
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n = 2 is special since in that case the metric on Ĉ2 determined by (19) is just the restriction of the product metric on
C
2 × CP1. The crucial point is that for n > 2 the Burns–Simanca metric on Ĉn is not the restriction of the standard
product metric on the ambient space Cn × CPn−1.
4.1.1. Behaviour of the Burns–Simanca metric away from the blow-up
Let d = (δij ) be the standard flat euclidean metric on Cn, M a non-compact Kähler n-fold, S a compact subset of
M and π :M \ S → Cn a biholomorphism between M \ S and the subset {z ∈ Cn: r(z) > R} ⊂ Cn for some R > 0,
where r is the radius function on Cn. Then a Kähler metric h on M is asymptotically euclidean (AE) with rate of
decay r−τ if
(23)∇k(π∗(h) − d)= O(r−τ−k)
for all k  0. We say (M,h) is an AE manifold asymptotic to Cn.
Proposition 10. The Burns–Simanca metric on Ĉn is AE with rate of decay r2−2n.
Proof. Let (y1, . . . , yn) be the toric (angle) coordinates. The flat metric on Cn \ {0} is given in the symplectic coordi-
nates (x, y) by
(24)d(x,y) =
n∑
i=1
1
2xi
dxi ⊗ dxi + 2xi dyi ⊗ dyi .
The (i, j)th entries of the hessian matrix of (19) and its inverse are
(25)(G
Ĉn
)ij = 12
{
x−1i + F ′′̂Cn , i = j,
F ′′̂
Cn
, i = j,
and
(26)(G
Ĉn
)ij = 2
1 + tF ′′̂
Cn
{(
1 + F ′′̂
Cn
∑n
k=1,k =i xk
)
xi, i = j,
−F ′′̂
Cn
xixj , i = j,
respectively, see [7]. By the Guillemin–Abreu construction the Burns–Simanca metric is given by the 2n× 2n matrix
hBS = diag(GĈn ,G−1Ĉn ). (25) can be written as the sum
G
Ĉn
= A + B
where A = diag((2x1)−1, . . . , (2xn)−1) and B = B˜P with
B˜ = (n− 1)t + 2 − n
2t (tn − (n − 1)t − 2 + n)
and P is an n × n matrix with 1 in every cell. This gives us the upper left block of hBS. In (26) the coefficient term is
(27)2
1 + tF ′′̂
Cn
= 2 t
n − (n− 1)t + n − 2
tn
hence the off-diagonal terms of G−1
Ĉn
are
(G
Ĉn
)ij = −2 ((n − 1)t + 2 − n)xixj
tn+1
.
Also, the term (1 + F ′′̂
Cn
(t)
∑n
k=1,k =i xk)xi = (1 + (t − xi)F ′′̂Cn(t))xi . Hence the diagonal terms in G−1Ĉn are
(G
Ĉn
)ii = 2xi
1 + (t − xi)F ′′̂
Cn
(t)
1 + tF ′′̂
Cn
(t)
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(G
Ĉn
)ii = 2xi (t
n − (n− 1)t + n − 2) + ((n − 1)t + 2 − n)(t − xi)t−1
tn
.
Thus we have that the inverted hessian matrix of (19) splits into
G−1
Ĉn
= C + D
where C = C˜ diag(2x1, . . . ,2xn) with
C˜ = t
n − (n − 1)t + n − 2
tn
and D = D˜Q with
D˜ = 2 (n − 1)t + 2 − n
tn+1
and Q = diag(tx1, . . . , txn) − [xixj ]ni,j=1. This gives us the lower right block of hBS. Therefore
hBS = diag(A,C)+ diag(B,D).
The term diag(A,C) can be rewritten
diag(A,C) =
n∑
i=1
1
2xi
dxi ⊗ dxi + 2xiC˜ dyi ⊗ dyi.
We now introduce the flat metric coordinates (λ,μ) and denote by π the map that translates to these coordinates. Set
λi =
√
2xi cosyi, μi =
√
2xi sinyi,
i = 1, . . . , n. Then the flat metric (24) becomes of the standard form
d(λ,μ) =
n∑
i=1
dλi ⊗ dλi + dμi ⊗ dμi.
The component diag(A,C) of hBS in these (λ,μ) coordinates is given by
diag(A,C) =
n∑
i=1
dλi ⊗ dλi + C˜ dμi ⊗ dμi
where u = 2−1∑ni=1 λ2i +μ2i =∑ni=1 xi = t i.e. u is the variable t in the (λ,μ) coordinates. Ignoring terms of O(u−n)
and higher, when u → ∞
C˜ → 1 + O(u−n+1)
B˜ → 0
D˜ → 0
It follows that as u → ∞, diag(A,C) → d(λ,μ) and diag(B,D) → 0 hence
π∗(hBS) = d(λ,μ) + O
(
u−n+1
)
.
By construction the coordinate u represents the square of the radius function r on Cn. Therefore we can write u1−n =
r2(1−n). For the AE condition (23) this proves the case k = 0. For derivatives, the important thing to note is that in
symplectic coordinates the operator ∇ translates to the operator d
dt
(see §§§1.2.4 of [7] or §4 of [1] for an explicit
derivation of this). Consequently in the coordinates (λ,μ) this operator is d
du
. Then
(28)d
k
duk
(
π∗(hBS) − d(λ,μ)
)= dk
duk
O
(
u−n+1
)≡ O(u−n+1−k)= O(r−2n+2−2k).
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dk
duk
= (2r)−k d
k
drk
,
hence (28) becomes
(2r)−k d
k
drk
(
π∗(hBS) − d(λ,μ)
)≡ O(r−2n+2−2k)
which gives
dk
drk
(
π∗(hBS) − d(λ,μ)
)≡ O(r−2n+2−k)
and completes the proof. 
4.2. Calabi’s extremal Kähler metrics on ĈPn
In §3, pp. 278–288 of [4] Calabi constructed extremal Kähler metrics of non-constant scalar curvature on certain
CP
1 bundles over CPn−1. Since the total space of these bundles is P(O(−1) ⊕ C) i.e. the projectivization of the
direct sum of the tautologous line bundle over CPn−1 with the trivial line bundle, one may equally regard these
manifolds as the blow-up of CPn at a point, ĈPn. Calabi constructed these metrics using a scalar curvature formula
((3.9) in §3 of [4]) for Kähler metrics on Cn \ {0} (considered as an open set in these bundles) invariant under U(n)
(the maximal compact subgroup of the group of complex automorphisms of these bundles) and then imposing the
appropriate boundary conditions. This scalar curvature formula was
(29)S(f ) = (n − 1)v′(s˜)(f ′(s˜))−1 + v′′(s˜)(f ′′(s˜))−1
where v(s˜) = ns˜ − (n − 1) logf ′(s˜) − logf ′′(s˜) and s˜ = log s. Using the symplectic (action) coordinate t =∑ni=1 xi
(29) becomes of the extremely simple form (17). We will now (re)construct Calabi’s metrics using (17) and working
on the Delzant moment polytope Δ
ĈP
n of the symplectic toric manifold ĈPn. Our motivation for doing this came
from the discussion in §3 of [2]. Δ
ĈP
n consists of n + 2 facets and these are determined by the affine functions
(30)li (x) =
⎧⎨⎩
xi, i = 1, . . . , n,
t − a, i = n + 1,
b − t, i = n + 2,
where 0 < a < b. The constants a, b determine the cohomology class of the extremal Kähler metrics we are about to
construct. The extremal condition (8) in the U(n)-invariant scenario becomes dS/dt = constant i.e. S = At + B for
constants A,B . Thus we have (17) = At + B . Solving this for F ′′ gives
(31)F ′′(t) = pt
n−1
ptn − α −
1
t
where p = n(n + 1)(n + 2) and
(32)α(t) = nAtn+2 + (n + 2)Btn+1 + p(Ct + D)
for constants C,D. Eq. (31) is a general formula for the t -potential of any extremal metric on Cn \ {0}. We denote by
F
ĈP
n the t -potential of the extremal Kähler metrics we are after. By (15) the symplectic potential of these metrics is
2g
ĈP
n =∑ni=1 xi logxi + FĈPn(t) which is
(33)g
ĈP
n = 1
2
[
n+2∑
i=1
li log li + hĈPn(t)
]
in the form (4) of Abreu’s Theorem 2 with the li given by (30). Therefore hĈPn(t) = FĈPn(t) −
∑n+2
i=n+1 li log li .
Differentiating this twice gives
(34)h′′
ĈP
n(t) = F ′′
ĈP
n(t) − b − a = pt
n+1 − 2aptn + abptn−1 − cα
n
− 1(t − a)(b − t) (pt − α)(t − a)(t − b) t
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(35)ptn+1 − 2aptn + abptn−1 − cα ≈ (ptn − α)(t − a)(b − t).
Consider the former condition. Let t = a + ε for small ε > 0 and ignore terms of O(ε2) and above. Then (32) gives
α = αa + O(ε2) where αa = Xa + εYa with
(36)Xa = nan+2A + (n + 2)an+1B + paC + pD
and
(37)Ya = n(n + 2)Aan+1 + (n + 1)(n + 2)Ban + pC.
Now (t −a)(b− t) = −cε+O(ε2) and ptn−αa = pan+pnan−1ε−αa +O(ε2). Therefore (ptn−α)(t −a)(b− t) =
−cpanε + cXaε + O(ε2). An analogous calculation shows that ptn+1 − 2aptn + abptn−1 = cpan + cpan−1(n −
1)ε + O(ε2). Hence (35) gives cpan + cpan−1(n − 1)ε − cXa − cYaε = −cpanε + cXaε which rearranges into
pan + (pan−1(n − 1) + pan)ε = Xa + (Xa + Ya)ε. Comparing coefficients shows that
(38)Xa = pan
and Xa + Ya = pan−1(n − 1) + pan i.e.
(39)Ya = (n − 1)pan−1.
The calculations for the second condition t ↑ b follow in similar way i.e. we consider t = b − ε for small ε > 0.
By (32) we have that α = αb + O(ε2) with αb = Xb − εYb where Xb and Yb are (36) and (37), respectively, with
a replaced by b. Also (t − a)(b − t) = cε + O(ε2) so that (ptn − α)(t − a)(b − t) = cpbnε − cXbε. Furthermore,
ptn+1 − 2aptn + abptn−1 = pcbn − (n + 1)pcbn−1ε + O(ε2). By (35) we get pcbn − (n + 1)pcbn−1 − cXb +
cYbε = cpbnε − cXbε which rearranges to give pcbn − ((n+ 1)pcbn−1 + cpbn)ε = cXb − c(Xb + Yb)ε. Comparing
coefficients gives
(40)Xb = pbn
and Xb + Yb = ((n + 1)pbn−1 + pbn) i.e.
(41)Yb = (n+ 1)pbn−1.
Thus (38)–(41) give us four linear equations in the unknowns A,B,C,D. Solving these simultaneously reveals
A = (n + 1)(n + 2)((ab)
n−1(na2(n+ 1) + nb2(n − 1) − 2ab(n2 − 1)) − 2a2n)
(ab)n(2n(n + 2)ab − (a2 + b2)(n + 1)2) + a2(n+1) + b2(n+1) ,
B = n(n + 1)((ab)
n−1(a2(nb(n + 2)− a(n+ 1)2) + b2(b(1 − n2) + a(n2 − 4))) + 3a2n+1 + b2n+1)
(ab)n(2n(n + 2)ab − (a2 + b2)(n + 1)2) + a2(n+1) + b2(n+1) ,
C = (ab)
n−1((n + 1)(an+3 − abn+2 − 3ban+2) + ((n − 1)bn+3 + 2(n+ 2)b2an+1))
(ab)n(2n(n + 2)ab − (a2 + b2)(n + 1)2) + a2(n+1) + b2(n+1) ,
(42)D = (ab)
n(bn+1(n − b(n − 2))− 2anb2(n+ 1) − nan+1(a − 3b))
(ab)n(2n(n + 2)ab − (a2 + b2)(n + 1)2) + a2(n+1) + b2(n+1)
(cf. (3.13) in [4]). Substituting (42) into (31) and (33) gives the (second derivative of the) t -potential F
ĈP
n and the
function h
ĈP
n of the extremal Kähler metrics, respectively. We conclude that
Corollary 11. There exists a family of U(n)-invariant, extremal Kähler metrics on ĈPn and these are determined
by the symplectic potential (33) on Δ
ĈP
n where h
ĈP
n(t) is a smooth function on [a, b] given by (34) as determined
by (42). Furthermore, the scalar curvature of these Kähler metrics is S(g
ĈP
n) = At + B with A,B as given by (42).
276 A. Raza / Differential Geometry and its Applications 25 (2007) 266–276Example 12. In §6 of [1] Abreu derived a formula for the symplectic potential of Calabi’s extremal metric on ĈP2
by Legendre transforming the Kähler potential (as derived by Calabi) for this extremal Kähler metric into symplectic
coordinates. By his conventions 0 < a < 1, b = 1 and n = 2 i.e. a is the amount by which ĈP2 is blown-up. Setting
these values in (42) gives
A = −24a
a3 + 3a2 − 3a − 1 , B =
6(3a2 − 1)
a3 + 3a2 − 3a − 1 ,
C = (3a
2 − 1)a
a3 + 3a2 − 3a − 1 , D =
−2a3
a3 + 3a2 − 3a − 1 .
Substituting these into (34) gives
h′′
ĈP
2(t) = 2a(1 − a)2at2 + t − a2t + 2at + 2a2 −
1
t
which is exactly Abreu’s equation (24) in [1].
4.2.1. Further applications of (31)
We have used formula (31) to consider two interesting examples of U(n)-invariant Kähler metrics in symplectic
coordinates: scalar-flat on Ĉn and extremal on ĈPn. Setting A = 0 in this formula gives the scalar curvature S = B .
This is the condition for U(n)-invariant constant scalar curvature Kähler (cscK) metrics. The Burns–Simanca metric
is a specific case of this situation. Some other cases are as follows. Setting A = B = C = D = 0 (31) gives the flat
metric on Cn while taking A = C = D = 0 and B > 0 we get back to the Fubini–Study metric on CPn discussed in
Theorem 6 (Corollary 7) where B = n(n + 1). On the other hand taking B < 0 gives the Bergman metric on the unit
ball in Cn. For example take B = −n(n+ 1). This gives the generalized hyperbolic Poincaré metric of negative scalar
curvature on the hyperbolic space Hn.
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